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The problem of transferring a non-linear dynamical system, subject to perturbations, to the null equilibrium position in a finite
time by means of a bounded control is considered. Only the levels of uncontrollable perturbations are known, and are not assumed
to be small. Sufficient conditions are obtained which ensure that the problem has a guaranteed solution for the given domain
of initial conditions. An estimate of the guaranteed control time is obtained. The construction of the control can be reduced to
the construction of game strategies for auxiliary linear game-theoretic problems. To estimate the “auxiliary noise” in the resulting
linear system, the principle of “prescribing and subsequent confirmation” of noise levels is put forward. On the basis of this
principle, these estimates are checked on the set of states of the auxiliary linear systems, where the control is also subsequently
estimated. As a result, an iterative algorithm for solving the original non-linear problem is obtained. Within the framework of
the method proposed a new solution of the game-theoretic problem of the reorientation of an asymmetric rigid body in the presence
of noise is given. © 1997 Elsevier Science Ltd. All rights reserved.

This paper develops the approach presented in [1-4] and touches on the study of decomposition [5-7]
as well as the partial stabilization and controllability [8-11] of non-linear controlled systems.

1. FORMULATION OF THE PROBLEM

Suppose that the motion of the controlled object can be described by a non-linear system of ordinary
differential equations

¥ =Y x)+ T Y, (x)u, + Y (xw,, 2;=Z;(x) (1.1)

Here and below i = 1, m,j = 1, p, k= 1, r summation over repeated subscripts is performed, x =
(¥, 2) is the vector formed by the phase variables y;, z;, and u, v are the vectors formed by the control
functions u, and noise v;, respectively. The functions Y, Yy, Y/ , Z; as well as the derivatives of Z;
with respect to y; and z; are defined and continuous in the domam

A: Ixl<H = const >0
Unlike the functions Y, Z; that vanish at x = 0, the possibility that Y will vanish at x = 0 is excluded
(otherwise a oontradlctlon w1th some conditions to be adopted later on in this paper would arise).
The control functions u € K are chosen in the class K of vector-valued functions u = u(x, xg) (X
being the initial value of x) that are piecewise-continuous in x and xg (in the admissible domain of
variation of x and xp). The control functions u € K also satisfy prescribed “geometric” bounds
lul < oy = const >0 (1.2)

The noise v € K, can be realized as arbitrary piecewise-continuous functions v = v(f) subject to the
constraints

lunl =< B; = const > 0 (1.3)

Problem 1. 1t is required to find control functions u € K that transfer system (1.1) from the given
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domain S of initial perturbations xp = x(fp) € S to the equilibrium position x; = x(#;) = 0 in a finite
time for any v € K;. The time ¢, > ¢, is not fixed.

2. AUXILIARY LINEAR SYSTEM

We consider the vector-valued function ®(x, u): R"*" — RP*%, n = m + p (g is a constant and
0 < g < r < m) with components (here and henceforth s= 1, q)

D, =T Y (X, By, ;=Z[0Z;(x)/ oy, X ¥ (X)) 1)
Assuming that p + q = r, we introduce ‘the Jéwbi matrix F = || d®/du ||. Suppose that in the domain
A Xl<Hy=const>0 (A; CA) 22)

the condition
rankF(x) = r | (23)

is satisfied. Moreover, we assume that the same Tows of F, say, the first r rows of F, are linearly
independent for allx € A;. -

In the case (2.3) the system ®(x, u) = ujf (u bemg auxiliary control functions defined below, which
form a vector u*) has a solutlon _

u = f(x, u*) (24)

with £(0, 0) = 0, the components f; of the vector-valued function f: R**” — R’ being continuous with
respect to x and u* for x € A, and all u*.
We introduce the notation

vy =hew), v = (@200 3x1%0x, v)) (25)

Here and henceforth [ = 1,r-q -q- The Y can be obtained from the expressions for y; in (1.1) for 4, =
0. The vector-valued function X: R**™ —» R" has components Y,, Z; and 0Z/0x: R" — R” has components
9Zy/dy;, 0Z;/0z; . The scalar product is denoted by ()

We shall treat v as “auxiliary noise”. As a result, under the above assumptions one can extract the
followmg linear conflict-controlled system from the closed non-linear system (1.1), (2.4)

y.v = us +vs (2'6)
=uy, +ug, 2.7

where uf is the control.

" On the basis of the solution of the corresponding game-theoretic problems for the auxiliary linear
system (2.6), (2.7), below we shall construct a solution of the original non-linear Problem 1. As a result,
(2.4) can be regarded as the general structural form of control in Problem 1. The parameters of this
form, i.e. the auxiliary control u can be determined by solving the corresponding linear game-theoretic
problems.

Unlike the formulations of problems considered before [3, 4], the structure of the “auxiliary noise”
vi becomes more complicated as one changes from the original system (1.1) to the auxiliary linear system
(2.6), (2. 7) This enables us to simplify the control u, obtained before [3, 4], but it becomes more difficult
to find v{. As will be shown later, in specified problems the proposed principle of “prescribing and
subsequent confirmation” of v{ may be useful in this respect.

3. AUXILIARY LINEAR GAME-THEORETIC PROBLEMS
For system (2.6), (2.7) we shall solve the problem of the fastest transfer to the position

¥s=0, z=%=0 (3.1)
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by means of the auxiliary controls u for any admissible vj. S

We shall consider this problem as a differential game. One of the players, who hasuj at his disposition,
tries to minimize the time T taken to transfer to (3.1). The other player (the “opponent”), who tries to
maximize 7, can control the “auxiliary noise” v{.

For the problem to be solvable the admissible levels of u§ must exceed v{. Following (1.2) and (1.3)
we write the appropriate restrictions as ~

lugl<ay =const>0, WilsB; =pa;, 0<p, <l (3.2)

A procedure for determining the levels of, B is considered below. Here we consider them as given,
so that (3.2) is satisfied. ‘

The solution of the differential game for system (2.6), (2.7) subject to restriction (3.2) can be reduced
[5, 12] to the problem of the optimal speed of response for the system

)"s =(1—ps)u: (3'3)
il = (1 - pq+l )u;+l (3'4)

subject to restrictions | u% | < o} .
The boundary conditions are the same as for system (2.6), (2.7). System (3.3), (3.4) can be obtained

from (2.6), (2.7) for v¥% = —pu*%. (This is the “worst” v{-optimal control for the “opponent”.)
The solution of the time-optimization problem for systems of type (3.3), (3.4) has the form [13]

u = o signy,, y;#0 (3.5)
0, ¥.=0
. o, signy,(z,2), #0
e g+ 518 \IH- 1 l‘) o Vi (3.6)
oy, signz =-og, signg, Y, =0

Here y; = -2; - [20+/(1 - pq,,,)]‘1 z;| z;| are switching functions.

The number t = max(t,), where 1; is the optimal time for each subsystem of system (3.3), (3.4), defines
the minimum guaranteed time in the game-theoretic problem for system (2.6), (2.7) under consideration.
If v} differ from the “worst” control, the time taken to transfer to the state (3.1) does not exceed 7.

We will consider some features of the phase trajectories of system (2.6), (2.7), (3.5), (3.6) for v§ &
~piut. In the case of (2.6), (3.5) for all admissible v} for system moves along a curve (a straight line if
v* = 0) which lies between rectilinear segments, namely, the trajectories of (2.6), (3.5) forvy = et
respectively, until the point y, = 0 is reached.

In the case of (2.7), (3.6) the system initially moves (until the switching curve y; = 0 is reached)
between the parabolic arches of the systems z; = (1 + pg.Juj,; for u} 4 of the form (3.6). Then, once
it reaches the switching curve, it slides along it until the required value is attained.

4, AN APPROACH TO THE SOLUTION OF PROBLEM 1

We denote by X, = {x(t) = x(t; to, X0, V)} the set of processes of system (1.1), (2.4), (3.5), (3.6)
corresponding to all v € K;. Extracting the linear system (2.6), (2.7) from (1.1), (2.4) we can find the
sets Y? = {y(t; to, o, )} and Z} = {z({; 1o, X, v)} for some of the components (ys, z) of x(t; to, Xg V)
e X, as the sets of processes of the linear systems (2.6), (3.5) and (2.7), (3.6) corresponding to all
admissible v{.

Denoting by y*, z* the vectors formed by y; and z,, respectively, we conclude that when solving Problem
1 we first solve the problem of transferring system (1.1) to x = 0 with respect to a part of the variables,
namely, y*, z*. The control problem with respect to a part of the variables can be reduced to the
corresponding control problem with respect to all the variables for the auxiliary linear system (3.3),
(3.4). As a result, as in stability analysis with respect to a part of the variables, in the case of control
with respect to y*, z*, the variables forming the vector z* are to be included in the set of controlled
variables {14].

We will impose auxiliary conditions under which the realized transition of system (1.1)tox = 0 with
respect to a part of the variables is in fact a solution of the original Problem 1 of control with respect
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to all the variables. To do this we assume that r —q = m + p - r. Along with F we also introduce the

Jacobi matrix Q. of Z; with.respect to the variables forming the vectors y. and z. (these include y; and

z; apart fromy; and z;, respectively). We put x* = (y*, z*), x» = (y., z+) , so that x = (x*, x.) as a result.
Suppose that in the domain

Ay IXl<Hy=const>0 (A; CA) 4.1)

the condition
rankQ(x)=m+p—r 4.2)

holds. Furthermore, assume that the same -rows of Q are independent for all x € A,.
We observe that for r < m the inequalitiesp + ¢ = randr—q = m + p —r are satisfied simultaneously
if

ptq=r=m (4.3)

In this case m + p —r = r — q and Q is a square matrix, so that the condition of linear indepen-
dence of the same rows of this matrix for all x € A;, which was imposed in addition to (4.2), is
unnecessary.

Condition (4.3) holds, for example, when (1.1) is used as a model of the angular motion of a rigid
body. Moreover, this condition can be relaxed within the framework of the method proposed.

When (4.2) is satisfied, the equalities z; = Z(x) in A, admit of the solution (W: R*7 » R*" is a
continuous function in Az)

x. =W¥(x", z"), ¥(0, 0)=0 (4.4)

Equalities (4.4) relate the components of X, that do not appear in Y and Z% to those of 2; = Z(x).
The phase vector x of (1.1) in A, can be represented as

x=lyy.(n).z",z, I AWR), n=@"2"2")
It follows that

Xv = {W = W[t;to’wo(ya’z:)’ia(xo)),"]} é {wv(t) = W(t;to,xO,V)}

Hence X, can be estimated by means of bound for the sets of the processes y*(¢; to, ¥§, v), 2*[¢; o, 23,
Z23(xg), vl, Z*[t; ty, 2§, Z23(Xp), ¥] Of the linear (rather than the original non-linear) system (2.6), (2.7),
(3.5), (3.6), respectively. As a result, when (4.4) is satisfied, the transfer of (1.1) to the position x = 0
with respect to y* and z* is indeed a solution of the original Problem 1 of control with respect to all
the variables (with respect to x).

5. BASIC RESULTS

Let us summarize the above discussion.

Theorem 1. Suppose that the following conditions are satisfied: (1) there is a constantg (0 < g <r)
such that p + g = r = m; (2) condition (2.3) in the domain (2.2); (3) condition (4.2) in the domain
(4.1); (4) for the “assigned” values 1, B} (and the values a} predetermined by them) the estimates

IW, ()< min(H,, H,) 5.1)

W (W, @), v]I<B;, 1fAi[W, ()’ l<a,

hold for any xg € S.

Then for all x4 € S, relations (2.4), (3.5) and (3.6) solve Problem 1. Moreover, it is guaranteed that
system (1.1) will be transferred precisely to the position x = 0 in a finite time T by means of u € X for
anyv e Kj.
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Proof. If condition (2.3) is satisfied in A;, system (2.6), (2.7) can be obtained from the original
non-linear system (1.1), (2.4) by an appropriate non-linear transformation of variables. Under
this transformation the state of the variables y; and z; of system (1.1), (2.4) in A, will be completely
defined by the state of the same variables of system (2.6), (2.7). Thus, for all xo € §; = {xg: | x,(¢) |
< H,} the control (2.4), (3.5), (3.6) guarantees that system (1.1) will be transferred precisely to the
position

¥s=0, z;=Z(x)=0 (5.2)

in a finite time .

When condition (4.2) is satisfied in A;, (4.4) holds. Taking z; = Z,(x) into account, by the continuity
of the vector-valued function ¥ and the condition ¥(0, 0) = 0 the modulus of this function can be
made as small as desired by reducing the moduli y,, z; and Z(x). Thus, for all xy € §; = {x¢: | x,(f} | <
min(H,, H,)} the control (2.4) guarantees that system (1.1) will be transferred not only to (5.2) but
also precisely to the position x = 0.

As a result of (1.2), the admissible set of initial perturbations xy must also satisfy the condition xo €
83 = {x¢: | fi[%,(2), w*] | < oy }. Besides, for the “assigned” levels B} to be confirmed it is necessary that
X0 € S4 = {xg: | vE[x:(2), v] | < B%}.

When conditions 1-4 of the theorem are satisfied, the given domain S of initial perturbations will be
contained in the intersection of the sets Sy, . . ., S4. Given that a function W = W(y*, z*, z*): R¥4
R” is introduced, this means that for all xy € S the control (2.4), (3.5), (3.6) guarantees that system (1.1)
can be transferred precisely to the position x = 0 in a finite time 1 for all v € Kj. Then the control (2.4),
(3.5), (3.6) satisfies the given condition (1.2). The theorem has been proved.

Let us indicate how to relax the assumptions of Theorem 1.

Suppose that N first integrals R.(x) = const, R(0) = 0 of (1.1) are known. Assuming thatr-q + N
=m + p ~r, in place of Q we introduce the Jacobi matrix O* of Z; and R, with respect to the variables
in y- and z..

Corollary 1. Suppose that (1) thereisq (0 < g <r)such thatr <p + g < 2r—m + N; (2) rank Q*
=m + p —rfor x € A,. If conditions 2 and 4 of Theorem 1 are satisfied, then (2.4), (3.5) and (3.6)
solve Problem 1 for all xg € S.

Another way of relaxing the conditions of Theorem 1 is to use several constructions of equations of
the type (2.4) successively. Then system (1.1) will transfer in stages (the total time being finite) from
X Stox=0.

6. AN ALGORITHM FOR SOLVING PROBLEM 1

The above approach to solving Problem 1 involves the following stages.

1. The choice of construction (2.4) of the controls u;, where u%} have the form (3.5), (3.6). At this
stage af, Bf and, consequently, the parameters o}, pg4; in (3.5), (3.6) are not bounded. The structure
of u, is simplified compared to the earlier approach presented in [1-4]

2. Preliminary sclection of the guaranteed control time 1t and “prescribing” of the levels B%. This
predetermines o}, p, and specifies the parameters in (3.5), (3.6). When 1, = t (“equalization” of the
control time for each variable y; and z; of system (3.3), (3.4)) the numbers o} can be determined from
the expressions (see [5])

T=[o;(1-p, )]yl (6.1)

t=lag, (1~p, ) {14 Zh - 0t (1-Ppyay)zio Sign y, Vi - Zyysigny)

3. Estimation of the phase variables of system (2.6), (2.7), (3.5), (3.6) on the set L of states of this
system for all admissible | v} | < B}. Verifying that the inequalities | v¥| < B} are indeed satisfied on L.
(A knowledge of the levels B; of the “original” noise v; is used.) Thus, at this stage we propose the
principle of “prescribing and subsequent verification” of the “auxiliary noise” levels B%.

4. Verifying (5.1) on L for x4 € S. We observe that for the structure of (2.4) it is natural to expect
that max | i | will be close on the set L and on the subset L* C L of the states of the linear system
(2.6), (2.7), (3.5), (3.6) for various combinations of v} = xpu} and v} = 0.

If the inequalities | v} | < B} or (1.2) are not satisfied on L or, conversely, they are satisfied with a
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“margin”, then the search for proper values of T and B} is continued. Otherwise the guaranteed control
time is governed by the choice of 1.

As a result, we obtain an iterative algorithm for solving Problem 1. The solvability of this algorithm
depends on the relationship between the levels of the “original” control functions u; and the noise
v; as well as on the possible values of xy and . The corresponding solvability conditions are given in
Section 5.

Note that the controls u € K preserve the dependence on the initial state xq also, even though they
are constructed as functions of the actual phase vector x. This is due to the constants a} and p,,; in
the expressions for u, which depend on x;.

7. “INVERSE” VERSION OF THE ALGORITHM

1. Choose t and B%.

2. Compute o} (using (6.1)) and verify that the values v} on L satisfy | v} | < B}.

3. Estimate the levels of the controls u;, using (2.4). This enables the capabilities of the controls u;
of the form (2.4) to be estimated.

8. APPLICATION TO THE GAME-THEORETIC PROBLEM OF THE
REORIENTATION OF AN ASYMMETRIC RIGID BODY

' We consider the dynamical Euler equations (one equation is written down, from which the other ones
can be obtained by cyclic permutation of the subscripts 1 — 2 — 3)

Ay =(A = A)yys +uy +vy (12 3) 8.1)

governing the angular motion of a rigid body about the centre of mass. Here y; are the projections of
the angular velocity vector of the rigid body onto its principal central axes of inertia, u; are the projections
of the control moment onto these axes, and A4; are the principal central moments of inertia. The moments
v; characterize the external forces and uncontrollable perturbations. Even though m = r = 3 in the case
in question, the two subscripts i and k will be preserved, so that (8.1) corresponds to the first group of
Egs (1.1) and the relationships obtained earlier can be used.

Along with (8.1) we consider the kinematic equations governing the body orientation in terms of the
Rodrig-Hamilton variables [15]

24 =02 +y5 -z (12 3) 82)
The variable z4 in (8.2) is related to z; ( = 1, 2, 3) by
7 +Xl =1 (8.3)

and an equation for Z, can be obtained if required.
For system (8.1)«8.3) m = p = r = 3 and (4.3) holds for g = 0. Henceforth z = (z,, 2y, 25, z3) and
x=(y, z).

8.1. Formulation of the reorientation problem. We choose the control functions u € K in the class K
of piecewise continuous functions u = u(x, xo) with bounds (1.2). In the case in question inequalities
(1.2) correspond to three pairs of engines fixed to the body.

The noise v € K can be realized as arbitrary piecewise continuous functions v = v(¢) subject to (1.3).

Problem 2. It is required to find controls u € K that transfer the body from an arbitrary initial state
z(ty) = 1z to a prescribed state z(t;) = z; in finite time for any v € K. Both states are stationary y(¢,)
=yo = y(t;) = y; = 0. The time ¢, is not fixed and is to be found from speed of response requirements.

Without loss of generality we can assume that z; = (1, 0, 0, 0). Indeed, in this case orientation can
be regulated relative to a reference system specified at the initial instant of time. Everywhere below i,
J, k =1, 2, 3 in accordance with the adopted notation.

A game-theoretic approach to the problem of the reorientation of an asymmetric rigid body was
proposed in [2]. This problem is topical, for example, in the dynamics of spacecraft, robotics and
biomechanics. It is necessary to obtain guaranteed solutions that are traditional in game theory because
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of the increasing practical requirements. However, a rigorous solution of non-linear game-theoretic
problems is very difficult to obtain even if modern computers are used. In this connection a method
was also proposed in [2] which enables the given non-linear problem to be reduced to linear game-
theoretic problems. It is based on the choice of the structure of controls, of the type presented in [16~18],
which was independently proposed in [19] from a slightly different viewpoint. The resulting control is
robust, ensuring exact reorientation of the body in a finite time, which can be computed from the time-
optimization condition.

The control functions in [2] are non-linear functions of variables defining both the angular velocity
and the orientation of the body. For any admissible realizations of noise (except for special cases) they
represent five impulses of variable intensity.

Following the proposed modification of the approach presented in [1-4], the method described in
[2] is modified below to obtain simpler controls, which are consequently easier to realize. In particular,
it does not contain components compensating for the gyroscopic moments of the body M; = (4, -A3)y,ys
(1 2 3). As in [2], the solution can be reduced to simpler linear game-theoretic problems. The control
is simplified on account of a more complex “auxiliary noise” structure in the resulting linear systems.

Estimates for the “auxiliary noise” require a computation on the set of states of linear auxiliary conflict-
controlled systems. Unlike the method described in [2], to obtain such estimates the proposed principle
of “prescribing and subsequent confirmation” of noise levels must be used.

Despite this difference, the proposed modification of the method described in [2] does not involve
any more complex calculations. Besides, for certain restrictions on the control functions the computations
are much simplified.

As regards the game-theoretic problem of the controlled angular motion of a rigid body under
consideration, the papers [20-26] on the controlled motion of an aircraft in a medium with uncertain
parameters should be mentioned.

8.2. Auxiliary conflict-controlled system. We differentiate both sides of each of the equations for z in
(8.2) with respect to time and replace y; by the expressions from (8.1). After some reduction we obtain

zl = fl(za“)"'(pl()'az’v) (84)
fi = Bz AT + A7 - 23u, A7)

01 = Hlea@ + MDA + 2,03+ My) A — 230, + My)A - Yz Sy (1 2 3)

We will regard f; and ¢, respectively, as auxiliary control functions &} and noise v}. As a result, expressions
(8.4) can be regarded as a conflict-controlled system of type (2.7)

Zj = u; +U;. (8.5)

Then the “original” controls u; can be expressed in terms of u} by equalities of type (2.4)

2A * »* *
u = 7*"[(23 +Z|2 Yy +(242y + 2423 Uy +(2423 — 2425)u3] (1 2 3) (8.6)
4

Construction (8.6) can be regarded as the general structural form of the controls in Problem 2. The
parameters of this form, that is, the auxiliary controls uf can be determined when solving the
corresponding linear game-theoretic problems.

Structure (8.6) of the controls involves the factor z, ™%, which formally leads to a “singularity”. However,
the following more detailed analysis shows that in the case when z; = (1, 0, 0, 0) the relation z4 € [z4,
1] holds during the control process. Thus, the “singularity” simply does not appear. If z4, is small or
z1# (1,0,0,0), it suffices to change to the control functions (or a combination thereof) obtained from
(8.6) by a transposition of subscripts. The “suboptimal” control functions i, are finally chosen inductively,
which is characteristic of many modern methods of applied control theory. We emphasize that the
iterative search for “suboptimal” controls described is quite simple within the framework of the proposed
algorithm for solving Problem 2. It can be realized in real time while the controlled object is functioning.

8.3. Auxiliary game-theoretic control problems. For system (8.5) we will solve the problem of transferring
it to the position
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Z;=z;=0 8.7

in the minimum time by means of auxiliary controls u} for any admissible noise v}:

This problem can be treated as a time-minimax difterential game of the type considered in Section
3. Its solution, subject to restrictions of the type (3.2), can be reduced to the time-optimization problem
(wit the same boundary conditions) for a system of type (3.4).

As before, the procedure of selecting a¥, B} involves the principle of “prescribing and subsequent
confirmation” of these levels. For the time ‘aeing, we assume that these are given, so that conditions of
type (3.2) are satisfied.

Since zj = Zj = 0 (which follows from the fact that y; = y; = 0), the quantity

t=max(t;), 1, =2{iz;plle)(1-p,T}* (8.8)

defines the minimum guaranteed time T taken to reach the position (8.7). If v} # —pu?, the time taken
to reach the position (8.7) does not exceed 1.

Henceforth we shall assume that the subscripts in (3.6) correspond to those in (8.5), i.e. g + /
is replaced byj in (3.6). An analysis of the phase portrait of the system (8.5), (3.6) shows that the condition
z4 > 7= const > 0, being satisfied for ¢ = £, holds for any admissible v}for ¢ € [¢o, & + t]. This is important
from the point of view of the operating efficiency of the controls u; of the form (8.6).

8.4. Algorithm for solving Problem 2. We first solve the problem of transferring the body to the required
position with respect to z;. This problem can be reduced to the game-theoretic control problem (with
respect to all the variables) for the linear system (8.5). Solving the system for Z; in (8.2) as an algebraic
system with respect to y;, we obtain equalities of the type (4.4)

2 . . .
y = -z-[(zf +28)8 +(2125 +2423)8, + (2123 — 242)53] (1 2 3) (8.9)
4

On the basis of (8.9) we conclude that transferring the body to the required position with respect to z;
in fact amounts to solving Problem 2.

The solution scheme includes the following stages.

1. Choosing a construction (8.6) of the control u; with u} of type (3.6). At this stage o}, and B} are
undefined. As compared to the approach in [2], the u; are simplified. They do not contain any
components with y; or, in particular, any components compensating for the gyroscopic moments of the
body.

2. The preliminary choice of T and “determining” the levels B}. According to (8.8) this predetermines
a, p% . For 1; = 7 (“equalization” of the control time for each z;) we have

o =B +4lz,5112 8.10
J J j0

3. Estimating z; and Z; on the set L of states of the linear system (8.5), (3.6) for all admissible | v}| <
% At this stage we use the principle of “prescribing and subsequent confirmation” of the levels B7.
Only once the levels B}are prescribed is it possible, in particular, to use estimates of type presented in
[2] to estimate v}'on L. We observe that, unlike the approach in [2], it is necessary to use the principle
stated above to realize the algorithm.

' 7 z; z;
[0, 171 Izjol-s712 Izjol-sf 12 25t
(1.%) -"- sj(e-T;) 25°T]
%4, T)) 57 (-1 -"- -"-

T, 11 —e 0 -
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4, Verification of the original restrictions (1.2) on u; in L. For (8.6) it is natural to expect that max
| ux | will be close on the set L and on the subset L* C L of states of the linear system (8.5), (3.6) for
various combinations v} = *pu}and v}= 0. It is not difficult to compute max | u; | on L*.

As a result, we obtain an iterative algorithm for solving Problem 2.

8.5. Construction of estimates for v}. We use the inequalities | yy; | < 1/2Zy2 (1 2 3) and the relation
Ty7 = alz3' T(z;z))P + 2(2;)%) (8.11)

which can be verified using (8.9). We obtain the following (overestimated) bounds

Wils(zf +z5n+23n+23n)G+A,
By < BGBAT +23B3A +23B,451), n=lA -AJAT (12 3) (8.12)
G=@) UL +IE P, 1 =[1-SE)P Y

The expressions for zj(+’ 9, Z; (overestimated for z;” when t = ¢y + T7) are listed in the table, in
which

T, =20-p,)"' T}, T} =1@s}) izl -p %, sf=Hoj(1£p;)

The overestimated bounds (8.12) can be weakened. To this end we observe that y; of the form (8.9)
preserve the sign (y; < 0 if zj > 0) in many cases for all admissible v}. For example, if 4, = 4; = 4,
(other cases can be dealt with in a similar way), the first group of inequalities in (8.12) can be replaced
by

i< [max(zfn + 23,2 +23m)IG+4, (1 2 3) (8.13)
8.6. Construction of estimates for u,. Calculations can be simplified if the inequality
E=YuiA;*) <o =const>0 (8.14)

is used in place of (1.2) to estimate (8.6). Indeed, by (8.6) E is given by (8.11) if 2; is replaced by u}.
Thus (8.14) is satisfied if

E* ={(240)” Lzl + Z(a}) < Yt (8.15)

Moregver, for the integral estimate E = E(f) for t € [to, #, + 1] we can use the inequality E < 4{[(z;)™
(o) + (e’

8.7. Solvability conditions for Problem 2. Let us summarize the above argument.

Theorem 2. If the levels oy, of the controls u; in (8.1)—(8.3) are high enough, then for any given levels
B; of the noise v; the rules u;, which solve Problem 2 can be constructed in the form (8.6), where ujhave
the form (3.6) (once the subscripts are appropriately specified). This ensures precise reorientation of
the body in a finite time < for any v e K. The value of T can be established by iteration using the algorithm
presented in Section 8.4.

Corollary 2. Suppose that the levels p; of the noise v; in (8.2)~(8.3) are such that for the “assigned”
values 1, B the estimates | v} | < B¥hold on the basis of inequalities of type (8.12) or (8.13). Then,
given that (8.15) holds, the controls (8.6) satisfy (8.14) and ensure precise reorientation of the body in
a finite time 7.

8.8. A possible development of Problem 2. Problem 2 assumes that the initial and final states of the
body subject to rotation are states of rest. Along with this problem, in the ideal noiseless case the problem
of the reorientation of a body was solved [27] for a body which fails to come to rest in the final state
following rotation. In this case it is ensured only that the body “passes” through the desired angular
state in three-dimensional inertial space.
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This reorientation was compared [27] with the traditional one, when the body is at rest in the initial
and final positions. It was shown that for identical restrictions on the controls the “non-traditional”
reorientation can be realized much more quickly. Besides, the resulting control is simpler. This is of
interest when designing spacecraft reorientation systems to perform operations of short duration at
the instant when the body passes through the required angular position, such as photography, striking
a target, data transmission, etc.

It is of theoretical and practical interest to solve such a problem in a game-theoretic setting. To do
this one can use, for example, the approach proposed in [1-4] and developed in this paper (subject to
a suitable modification).

9. EXAMPLE

To estimate the capablhtles of the algorlthm we consider the reorientation of a body with A; = 4 x 10%, 4, = 8 x
10, 4, = 5 x 10* (kg m?) from the position y, = 0, z, = (0.701; 0.353; 0.434; 0.432) to y; = 0.
We put T = 70 (s). Using inequalities (8.13), which hold in this case, for

12| z4viATY + 2, A5 - 23 v 4,7 | < 1073 (5D (123) 9.1)

we can put By = 245 x 107 (s2), as can be seen from computations. In this case 4E* = 185 x 10 _ékg S ) It follows
that the controls (8.6) satisfy (8.13) with & = 4E*. The “mean” value of E is equal to 123 x 107 (kg s

Using the amplifying inequalities, from (9.1) we have ; = 39.9; B, = 92.9; B3 = 57.9 (N m). But the admissible
values of v; may be higher.

For comparison, we also performed computatlons following the method described in [2]. With the same restnctlons
(9.1) and the same t the control levels u; in [2] are such that inequality (8 14) is satisfied for & = 174 x 10
(kg s™*). Comparison shows that the proposed modification of the method in [2] is effective.
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